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Math 102 : Caleulus I1 Summer Semester 2010 In-Term Test 1
Saturday 10 July 2010

Duration: 90 minutes Total marks: 25
Justify all your answers

1. State the definition that a funetion f with domain A is one-to-one on A.. [1 mark]
2 Let f(z)=e?—zforzeR

(a) Show that f is one-to-one-on R. [1 mark]
(b) Determine the domain of £, [1 mark]
{c) Explain why the point (1,0) is on the graph of 7%, and

find the slope of the tangent line at this point. [2 marks]

3. Use the definition of the natural logarithm funetion to prove that
In(gh) =lna+mnb
for any positive numbers ¢ and b. [2 marks]
4. Use logarithmie differentiation to find f%(0) when
(z+1)7 (2avesing — 3) ¢*

f (ﬂ.‘) " m [3 III&I']{S]
5. Solve the equation
¢* 4 ginhz = (0. [2 marks]
6. Evaluate the following.
(a) mi“:_ . (3 makd
ORI o= AL 3 mrk]
' tanh
) / Jasinhzneosh’x-ldz' [$ ma]
7. Evalunte the following,
@ in(-3) 2 mark

(b) = lm(1 +Inz)/eD, [2 marks]
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SOLUTION

1. f is one-to-one on A if f{xy) # f(r2) whenever x1 € A, w0 € A, and 1 # xa.

2 (a) fle)=—e"—1<0 foralzeR

So f is decreasing on R. This means that f(x) > f(xs) whenever zy € IR, x5 € E, and

T < Ta.

{h) The domain of f=! is the range of f. Since lim,_,.. f(zr) = —oo, lim,_, _.. f(x) = oo,
and f is continuous on B, the range of f is B. Answer: B

(¢) The peint {1,0) is on the graph of f=! if and only if the point (0, 1) is on the graph of
f. The point (0,1) is on the graph of f because f(0)=e="-0=1.
The slope of the tangent line is

‘ 1 1 1 1
—1 — — —
)y m= L)) oy —ef =1 2

3. By the definition of the natural logarithm function,

ab @ ab ab
1 1 1 1
In(ab) = f —dt = f —dt +f —dt =Ilna+ f —dt.
1 t 1 t a t a t

By the substitution # = au, which implies that df = adu,

ab ] b
1 1 1
f —cit=f —adu=f —du=Inbh.
o t 1 au o

Thus In(ab) = Ina+ Inb.
4. Taking the natural logarithm of the absolute value! and using the laws of logarithms,
In|f(z)|=7ln(z + 1)+ In|2arcsine — 3| + = — %11111.1‘2 +1).
Differentiating,

fla) 1 1 2 1

7 + . = +1-1 2r.
flx) "T+1 ' 2arcsinz —3 /1 — 22 22?41

So,
£1(0) = £(0) (,T +2 41— D) — O (r+ L) =3 (r+d) = 37 -1
. Using the definition of the hyperholic sine function the equation is
L =
Multiplying by 2e®, it becomes
268 1?1 = (&7 4 1)(2e2 — 1) =0,
Therefore,
2 _ 1

27 —1=0 = ¢ 3 =:-2.r=111%=—1112=:-:r=—%1112.

6. (a) By the substitution w = 10*, which implies that du = 10*(In 10) dx,

10™ I = 1 du _ 1 1 ;
e+l " T ) W isinto0 i) 2y
11 " 1 10°
—arctan|{— | + ' = arcte + C.
mi0o m(g) Omi0 m( 9 )

Lt is essential that the absclute value be taken, because f{0) < 0.



(b)

s t 4 /9 — = t 1

f+—a’t=f—df+f—a’t.
9 — 2 9 — 2 VO — 12

Substituting u = 9 — ¢ in the first integral on the right-hand side, and substituting
t = 3v in the last integral, which implies that du = —2¢ dt and dt = 3 dv respectively,
t4 40 —t= I ldu+ 1 34
- = JR —_— 3dv
9—¢ u=2 " | JO- (20
1

1
B R - dp= =1 aresin 0
2fudu+ l—trth 21nu+1rc‘51111+(_
—% In(9 — %) + arcsin(altj +C.

PRy . . L1 . 2 _ .
() By? the substitution u = sechz, which implies that cosh? x = w2, sinh? = = cosh®z —

1 =wu"2—1, and du = —sechz tanh r dz,
tanh 1 du
= = dr = —— - = — =...
V3sinh®z + cosh®x — 1 V3u i — 1) tu—2—1—u
= %f ;ldu =Larccosu+C
= % arccos(sechx) + C.
-8 . e® 1 . re® —sinx
lim|——-—| = lim ————.
z=0\sinr = =0  rsinx

This limit is indeterminate of the type 0/0.

. %[rex —sinx) . €4 xe” —coszx
lim S =lm
=0 =(rsinz) z—0 sinr+ rcosz

This is also indeterminate of type 0/0.

” %[em + re® —cosx) I 2e® 4+ ze® +sinx 2 1
im = lim § =—_=1
o—+0 %{siur-i—.rcos.r) z—0 2ecosr — rsinT 2

By I'Hospital’s Rule, the latter implies that

. e 4 re® —coszx
lim ——m8m8™ = 1.
z—0 SInT +&roosT

By a further application of 'Hospital’s Rule, the above implies that

. xe® —sina
lim —— = 1.
x—0 I EIn.T

(b) Let
y=(1+In .z')l’itm_lj.
Then

In(l +Inzx)

lim lny = lim
a—1 ¥ a—+1 r—1

This limit is indeterminate of the type 0/0.

1 1
< Inf1+Inx) -
lim dmd: leiml—i—lu.rx =1.
x—1 akx—l) az—1 1

So, by PHospital’s Rule, limgz_1 Iny = 1. Hence, limyy y = e = e.

2 Alternative answers are —% arcsin(sechz) +C, %sec_j(cosh )+, —% ecse™Yeoshz )4+ C, % arcsin |tanh x| 4+,

—% arccos|tanhz| + C, %mctﬁn|sinhx| + . —% cot ™! |sinhz| + O, %cot_j' |eschx| + ', —%arctan|cs::h.z| +
C, Lesclleotha| + ©, —Lsec~llcothz| + €, arctan(el”l) + €, —cot=1(el*l) + C, cat=1{e~I7l) + C, and
—arctanfe~1*l) 4 €.





